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ABSTRACT 



We show that in many cases nontrivial and complicated supersymmetric quan- 
tum mechanical (SQM) models can be obtained from the simple model describ- 
ing free dynamics in flat complex space by two operations: (i) Hamiltonian 
reduction and (ii) similarity transformation of the complex supercharges. We 
conjecture that it is true for any SQM model. 



On leave of absence from ITEP, Moscow, Russia 



1 Introduction 



It is a common belief now that whatever the Grand Unified Theory is, it is a version 
of supersymmetric field theory. Incorporating supersymmetry is the only known natural 
way to resolve the hierarchy problem. 

An excellent playground to study supersymmetric dynamics is provided by SQM mod- 
els. The simplest nontrivial such model introduced in [1] has the supercharges 

Q = if,\p + iW'{x)] 7 Q = 4)\p- iW'{x)] (1) 

and the Hamiltonian 

H = - [p 2 + (W) 2 + W"(x)$i/i - #)] . (2) 

In classical theory, p, x are the usual conjugated phase space variables and ip, ip are canon- 
ically conjugated Grassmann variables. In quantum theory (which we will be mainly con- 
cerned with), x and ip are still usual real and complex Grassmann numbers, while p and 
ip become differential operators, p = —id/dx, ip = 8/ dip. 

W(x) is an arbitrary function. The operators (flj) , (J2J) satisfy the simplest supersym- 
metry algebra, 

Q 2 = Q 2 = 0, {Q,Q} = 2H. (3) 

Since [I], a lot of other models have been constructed. Many such models have a 
rather complicated form. Some of them have extended supersymmetries — several pairs 
of complex supercharges Q a ,Q a satisfying the algebra @ 



{Qa,Qb} = 0, {Q a , Q b } = 25 ab H , a, 6 = 1,..., 




The models involving up to 8 such pairs are known. 

One can write the action as an integral over the usual (t,9,9) or extended (t,9j,9j) 
superspace of a usual or extended real superfield expressed via fundamental superfields. 
Such action is manifestly invariant under supersymmetry transformations. The problem 
is, however, that many such superfields and many such invariant actions can be con- 
structed. 

In this paper, we suggest an alternative approach. Instead of working in superspace, 
we restrict ourselves with supercharges and Hamiltonians expressed in components. Then 
we observe that, in the all studied cases, an SQM system can be obtained from the basic 
simple system describing the free flat complex dynamics, 

Q = V2ip a n a , Q = V2ip a n a , H = n a 7r a , 

(a=l,...,d), (5) 

2 Following the commonly adopted nowadays convention, Af denotes the total number of real conserved 
supercharges. For the models with physical supersymmetry of the spectrum that involve (at least) double 
degeneracy of all excited states, Af is always even. 
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where d is the complex dimension. 

It is achieved by a combination of two operations: (i) Hamiltonian reduction and (ii) 
similarity transformation of supercharges. 

As a warm-up, let us obtain in this way the model (pQ), 02]). We start from the 
model (jSJ) with d = 1. The complex momentum 7r has the real and imaginary parts, 
71 = (Px + iPy)/V2- The wave functions depend on x, y and the Grassmann holomorphic 
variable ip. At the first step, we impose the constraint p y ^> = —id^/dy = 0. We are 
allowed to do it as p y commutes with the Hamiltonian. The reduced Hamiltonian is just 
Pi/2. 

The constraint commutes not only with the Hamiltonian, but also with the super- 
charges. This implies that the reduced system enjoys the same M = 2 supersymmetry as 
the parent one. The reduced supercharges are 

It is just the free (W = 0) version of Witten's model ([TJ) , (J2J) . 

The potential can be introduced at the second step by a similarity transformation. 
Indeed, the supercharges flTJ can be expressed via the free ones as 

Q = e w Q hce e~ w , Q = e~ w Q hee e w . (6) 

The transformed supercharges Q, Q are nilpotent if Q free , Q free are nilpotent and they 
hence satisfy the same supersymmetry algebra. Note that this is a similarity transfor- 
mation for the supercharges. The operator e w is not unitary such that Q and Q are 
transformed in a different way. As for the Hamiltonian {Q,Q}, it is not related to the 
free Hamiltonian by any similarity transformation and has a distinct spectrum. 

This example is trivial, but we will see in the next two sections that this philosophy 
works in many other not so trivial cases and a complicated SQM model can be obtained 
from the free model (jSJ) by performing a proper Hamiltonian reduction and a proper 
similarity transformation. 

2 J\f = 2 sigma models. 
2.1 Dolbeault complex 

Let us concentrate on Q and perform the following similarity transformation of the free 
supercharge in (jSJ), 

Q = e R Q iiee e- R (7) 

where R is not just a function of coordinates as in (jBJ), but an operator, R = ujabipa^b- 
The supercharge Q will then be rotated with the operator e~ R \ (It will be convenient 
for us later to introduce Q rotated with an extra scalar function reflecting the presence 
of a nontrivial Hilbert space measure in the rotated system — see Eq.( fl6l) below. But let 
us keep for a moment Q and Q Hermitially conjugate in the naive sense, without taking 
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into account the measure.) When u ab is ant i- Hermit ian, e R is unitary, Q,Q, and H are 
rotated by the same operator, and this boils down to a canonical transformation of the 
phase space variables. On the other hand, when u ab is Hermitian, the supercharges Q 
and Q are transformed differently, and their anticommutator is nontrivial. 
The calculation can be done using the Hadamard formula, 

e R Xe- R = X + [R,X] + ~[R,[R,X]] + ... (8) 
In our case, this implies 

eV R = i(el, (9) 
e R d c e- R = d c + (e") ae (d c e-") eb ^ b . (10) 

We thus derive 

Q = sfifo (O* [n c - i (0„ (d c e-«) eb ^ b ] . (11) 
The associated Hamiltonian has the kinetic term with a nontrivial Hermitian metric, 

H kiD = (e"V) afe n a n b (W)*' n~ k n 3 . (12) 
The matrices e ±aJ , e ±wt can then be interpreted as the complex vielbeins, 

(Ooc-^a, (^L^4 (^ f ) ac ^ef (13) 

When u; is Hermitian, the vielbein matrix is also Hermitian. For generic u, the vielbein 
is a generic complex matrix, with the anti-Hermitian part of u corresponding to tangent 
space rotations. 

One can note now that the supercharge fill I) can be rewritten as 

Q = V2^(7r j +in j>l M b ) (14) 

with fifc.Sa being the so called Bismut spin connection corresponding to the metric h = 
e^e^ and the vielbein e = e u . H 

A nontrivial metric introduces a natural covariant measure in the Hilbert space, 

fj, = deth Y[dz j dz j . (15) 

3 

It is convenient to define Q to be Hermitially conjugate to Q with respect to this measure, 

Q = (deth)- 1 deth, (16) 

3 The Bismut spin connection is related to the Bismut affine connection [2], which is a torsionfull affine 
connection such that (i) the covariant derivatives of the metric and the complex structure matrix vanish; 
(ii) the torsions are completely antisymmetric. See [31 H] for all definitions and notations. To avoid a 
confusion, note also here that the Bismut spin connection does not coincide with the structure — e a (djef) 
entering but involves extra terms. These terms vanish when multiplying by ip J, ipa- Cf. Eq.(3.13) of 
Ref.[3j. 



3 



where is the "naive" Hermitian conjugation. 

The supercharges thus obtained exactly coincide with the supercharges (3.26) in 
Ref. [3], if setting there W = lndet/i/4. These supercharges were obtained from Nother 
supercharges of a certain SQM model with a nontrivial superspace Lagrangian 

L = ~h fk DZWZ k + W(Z, Z) , (17) 

where Z J and Z^ are chiral d = 1 superfields and D, D are supersymmetric covariant 
derivatives. 

As was explained in details in [3], the Hilbert space of the functions ^(z^ , z\ ip a ) with 
the measure (fl~5l) can be mapped onto the space of holomorphic p-forms realizing the 
Dolbeault complex. The supercharges (|14p . ffl6|) can then be mapped to the exterior 
holomorphic derivative operator d and its Hermitian conjugate. 

As was just mentioned, the supercharges (jT4"|) and fflBT) correspond to a particular 
choice of W in the Lagrangian f[T7|) . One can, however, obtain the model with any W by 
applying an extra similarity transformation, 

Q e G Qe- G (18) 

with G = W - |lndet/i. This gives what mathematicians call a twisted holomorphic 
Dolbeault complex 

Another distinguished choice, besides W = \ In det /i corresponding to G — 0, is 
= — | In det /i corresponding to G = — \ In det /i . This amounts to the overall similarity 

transformation with exp{— ou a bipbipa} and gives the antiholomorphic untwisted Dolbeault 

complex. 

In the physical language, this complex describes the dynamics of a Dirac operator 
in the presence of Abelian gauge field, A M = {—id m W, idmW} . The models with non- 
Abelian gauge fields can be obtained from the model ( fT7|) with W = by a similarity 
transformation ( fl8|) with a matrix- valued G. 

The supercharge Q can be further rotated with a holomorphic^ operator 

exp {B jk ^^ k + B jklm ^^ l i; m + ...} (19) 
One obtains in this way complex sigma models with torsions studied in [7]. 

2.2 De Rham complex 

Note first that, representing ir a = [p^ + ipy]/V2 in fl5]) and imposing d constraints 
p^ty = 0, we obtain the model describing free flat real dynamics. The supercharges are 

Q = Pa^Pa, Q = Va^a ■ (20) 

For a compact complex manifold, there is no global expression for the metric valid everywhere. One 
should introduce charts. The expressions like In det h are in fact not nonsingular functions on the man- 
ifold, but should be understood as sections of a certain line (Abelian) fiber bundle. Matching the local 
expressions for these sections in the regions where the charts overlap imposes the restrictions on W asso- 
ciated with the quantization of topological charge. If these restrictions are not fulfilled, supersymmctry 
is lost [6]. 

5 It is holomorphic with respect to fermion variables, but Bjk etc. are arbitrary functions of z J and z J . 
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(with p A = pi , A—l,...,d). 

Let us apply now a similarity transformation (J7J) with 

R = ujab^a^b ■ (21) 

When uab is anti-Hermitian, this amounts to a unitary rotation. New nontrivial models 
are obtained for Hermitian uab- 

Let first uab be real and symmetric. By the same token as in the complex case, one 
obtains 

Q = ^ D {e") DC [p c - % {fd c e~") AB ^Ai>B\ = V (pm - Mm^bMb) , (22) 
where tf) M = e^ipA with the real vielbeins 

# = (O/, e MA = {e-) MA (23) 

giving the metric 

9mn = {e~ 2uJ ) MN . (24) 

Profiting from anticommutativity of ip M and xpA, we have expressed the 3-fermion struc- 
ture in the supercharge via the spin connection 

Vm,ab = e AN {d M e N B + Y N MK e^ ) . (25) 

The supercharge (1221) is well known. It can be mapped to the exterior derivative 
operator d of the de Rham complex [8]. The supercharge Q is convenient to define as 
Q = (det g) _1 / 2 (^(det g) 1 ^ 2 such that it is Hermitially conjugate to Q with the Riemann 
covariant measure -\/det g. It can be presented as 

Q = $ M {PM ~ i^M,AB^A^B) ■ (26) 

The Lagrangian of this model can be easily written in terms of d real superfields 

x M = x M + e^ M + i) M e + F M ee . (27) 

It has the form [9] 

L = ~ J dOdO g M N{X)DX M DX N . (28) 

The de Rham complex can be deformed by adding the potential, which amounts to a 
similarity transformation Q — > e w Qe~ w (in contrast to the complex case, here W must be 
a well-defined scalar function) or adding torsions ^01 [7] which amounts to a holomorphic 
similarity transformation with the operator exp{BMNi/j M ip N + ■••}■ 

Consider now the case of generic Hermitian ujab- The supercharges can, again, be 
represented as in ( 122]) . but neither the vielbeins ( 123]) nor the "metric" (124"]) are real any- 
more. As is shown in [UJ, its Lagrangian has the same form as in (12"8"]) . but with the 
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DOLBEAULT 



OUASICOMPLEX 



Figure 1: A rhombus of sigma models. The solid arrows stand for a similarity transfor- 
mation and the dashed arrows — for a Hamiltonian reduction. 



complex Hermitian gMN- Complexity of the metric means that this system cannot thus 
be interpreted anymore as a de Rham complex. It is something new. 

It is further shown in [TTJ that this new complex can be obtained by a Hamiltonian 
reduction of the Dolbeault complex for some special complex manifolds whose metric 
does not depend on imaginary parts of complex coordinates. Indeed, consider a manifold 
of the complex dimension d with isometries corresponding to the imaginary coordinate 
shifts. We can then impose d constraints Gjty = / d{\m z^) = 0. These constraints 
commute with the Dolbeault Hamiltonian (allowing for the Hamiltonian reduction) and 
the supercharges (meaning that the reduced system enjoys the same supersymmetry as the 
original one). A not so difficult analysis shows that, after such reduction, the supercharge 
(114p (it is convenient to write it in terms of the fermion variables with world indices t/> j ') 
goes over into ff22l) . written in terms of ip M , ip M . 

In other words, the model of this type (we called it a quasicomplex sigma model [TTJ) 
can be obtained from the basic model ([5]) by a subsequent application of two operations: 
similarity transformation and Hamiltonian reduction. And, as illustrated in Fig.l, the 
result does not depend on the order in which these operations are performed. 

We would also like to note here that the supercharges Q = \Z2ip a iT a and Q = i/jaPa 
can in principle be rotated by a similarity transformations with antiholomorphic operators 
like 

R = esxp{CABMB}. (29) 
Such models were never considered, and it would be interesting to do so. 
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3 Extended supersymetries. 



An arbitrary similarity transformation ([7| leaves the supercharge Q nilpotent and hence 
keeps supersymmetry. For a model with extended supersymmetries, it is not always the 
case. I.e. the minimal Af = 2 supersymmetry is always kept, but if we want to preserve 
extended supersymmetries, the operator of similarity transformation should satisfy certain 
extra conditions. The same concerns the Hamiltonian reduction procedure. If we want 
the reduced model to keep all the supersymmetries of the original one, the constraints 
should commute with all supercharges. 
Consider some examples. 



3.1 Kahler sigma models. 

Consider the real free dynamics with the supercharges ( 1201) and the Hamiltonian H = 
p\/2. Assume that the dimension D is even. It is easy to see that one can add extra pairs 
of nilpotent supercharges whose anticommutator gives the same Hamiltonian and which 
commute with Q, Q. They form thereby together with (!20l) an extended supersymmetry 
algebra. Each such pair of supercharges can be represented as 

S = PaIab^b, S = VaIab^b ■ (30) 

where Iab is a real antisymmetric matrix satisfying the condition I 2 = — 1. 

Suppose that there is only one such extra pair. It is convenient to introduce complex 
coordinates {^ =i,...,d/2> ^a=u..,D/2} (the eigenvectors of I), trade ipA for Xaa, a = 1, 2 and 
deal with the supercharges \j 

T a = V27l a Xaa, T a = V27T a Xaa- (31) 

They represent the following linear combinations of Q, S, Q, S, 

m Q + iS m Q + iS - Q — iS - Q — iS , . 

T ^ V- T ^V- r ^V- r ^V- (32) 

Let us perform now a similarity transformation 

T a ->■ e^bXapxwT^-^Xapxbp (33) 

with a Hermitian u a b- In the full analogy with ( TTTT) . (|T4|) . we obtain 

T a = V2 Xda (e") dc [vr c - i (e w ) ae (d c e~") eb x a pXw] , (34) 



6 It is, of course, recognizable as a flat complex structure matrix. 

7 When D — 2 and Iab — £ab, the explicit conventional form of the combinations entering (|3Tj) is 
Xi = ;4=C0i + iih), X2 = 7^(^i + #2), 7T = 4|(Pl " W2) 
and complex conjugates. This is trivially generalized to any even D, if choosing / = diag(e, . . . , e). 
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which can be represented as 

T a = V2x J a (Tfj + ittjjbaXapXbp) • (35) 

However, in a generic case, the supercharges ( 135]) and their conjugates do not form the 
extended supersymmetry algebra — the anticommutator {Ti,^} does not vanish and 
{T2,T2} does not coincide with {Ti,T\}. But, for some special u when the metric e wt e w 
is Kahler, the Af = 4 superalgebra holds rTSJ E3]. In this case, Qji a = entering 
f)35p are the standard torsionless spin connections. 

As is written in f l32l) . the supercharge T\ is expressed via Q and S, while the super- 
charge T2 is expressed via Q and S. This means that the similarity transformation fl33|) 
of T Q corresponds to a rather complicated transformation (not a similarity one) of the 
"original" supercharges Q, S. 

Alternatively, one can rotate, as we have seen, the flat supercharge Q with the operator 
(12Tj) to obtain the de Rham supercharge (1221) . If the metric thus obtained is Kahler, the 
same similarity transformation applied to S gives us the second pair of supercharges, 
keeping the M = 4 supersymmetry. Indeed, the result of such rotation of S is 

Rotated = j N ^ _ ^ . ( 36 ) 

An accurate proof of the fact that, for Kahler manifolds, the operators ( |36|) and (|22|) 
together with their conjugates satisfy the same commutation relations of the M = 4 
superalgebra as the flat supercharges is presented in the Appendix. 

Note that this similarity transformation of Q and S corresponds to a complicated 
transformation of T a and T a . 

3.2 Hyper-Kahler sigma models. 

In flat space of real dimension 4 or multiple integer of 4, D — 4m, one can write three 
additional pairs of supercharges, 

S^^PaI 1 //^, §W =pAl Wj Bm (37) 

associated with three complex structures J 1 ' 2,3 satisfying the quaternionic algebra. 

jajb = _ 6 ab + e abcjc _ ^ 

By an orthogonal transformation, one can bring them into a canonical form 

(rU B = diag{-^,...,-^}, (39) 

where 77" are 't Hooft symbols. 

The supercharges Q, Q, S a , S a form the Af = 8 supersymmetry algebra, which the 
flat Hamiltonian H = p 2 A /2 thus enjoy. In a special case when the metric of the manifold 
corresponding to the de Rham supercharges obtained after a similarity transformation 
of the flat supercharge Q is hyper-Kahler, the Hamiltonian thus obtained also admits 3 
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extra pairs of conserved supercharges [14J. Three of these six extra supercharges are 
obtained from the flat supercharges S a in ( )37|) by the same similarity transformation as 
the one applied to the supercharge Q. Their explicit form is 

Rotated = ^ M Ill N (PN ~ ^N,AbMb) ■ (40) 

The explicit proof of the fact that, in the hyper-Kahler case, the supercharges ( 140"]) and 
their conjugates form together with the supercharge (|2"2"]) and its conjugate the standard 
M = 8 superalgebra is given in the Appendix. 

Alternatively, in the full analogy with the Kahler case, the supercharges (|37|) together 
with (120]) can be rearranged by defining 

T a = (7mpJx*)« (41) 

and their conjugates T a , In the expression above, /i, a = 1, 2, 3, 4, k — 1, . . . , m, 7^ are 
Euclidean 4-dimensional 7 - matrices and Xa are Dirac 4-component spinors. 

One can then rotate T a with a matrix e R = exp{uk q XaX < L} and, when the metric 
e w1 ' e u thus obtained is hyper-Kahler, arrive at the hyper-Kahler supercharges in the form 
written in |15j . 

This similarity transformation of T a corresponds to a complicated transformation of 
Q, Q, S a , S a . On the other hand, the similarity transformation of Q and S a discussed 
above corresponds to a complicated transformation of T a , T a . 

3.3 HKT and OKT. 

Kahler and hyper-Kahler sigma models represent special cases of the generic de Rham 
sigma model that admit extra supercharges. There are also special complex Dolbeault 
sigma models admitting extra supersymmetries. In particular, in flat complex space of 
even complex dimension d = 2m, one can add to the supercharges ([5]), the supercharges 

S=y/2e ab i[>ffi, S=V2e ab ^ k a 7c k b . (42) 

Performing a similarity transformation (J7J) with a special class of R respecting M = 4 
supersymmetry, one obtains the so called HKT sigma models [HJ[T7]. To see that, consider 
the simplest d = 2 case. By introducing real and imaginary parts ^=1,2,3,4 of ^=1,2, 
we can bring ([3]), (14"2"|) to a more familiar form including four pairwise anticommuting 
Hermitian supercharges [T8| [19], 

Q = ^jaPa, S a = Vab^PaPb 1 (43) 

where a = 1, 2, 3 and rf AB are 't Hooft symbols [2D] . 

This looks similar to fl37|) . but the variables if) a are now Hermitian. They satisfy 
the Clifford algebra, {iPa^b} = ^ab and can be mapped to gamma matrices. For our 
approach, we need, however the holomorphic supercharges Q, S in ([5]), ( 1421) . It is they 
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who are going to be rotated with a similarity transformation flTJ), the supercharges Q, S 
being transformed with e~ R \ Let us choose R = g{x)il) a i{) a . We derive 

/ id a f 

Q -)> V2flp a ( 7T a + —^1p c 1pc 

S -+ V2fe ab 4> a U b + ^WcJ ■ (44) 

with f = e 9 . The corresponding metric is conformally flat, cfe 2 = e~ 29 dx 2 ^ the simplest 
HKT metric^. The supercharges (jHJ) (derived first in [22J) together with their conjugates 
satisfy the M = 4 superalgebra. 

Dolbeault models enjoying A/" = 8 supersymmetry are known as OKT manifolds. 
Their real dimension is a multiple integer of 8. Indeed, flat 8-dimensional space admits 8 
anticommuting Hermitian supercharges: the supercharge Q = Pa^Pa, where A = 1, ... ,8 
and ip a are now real, and the supercharges S a=1 '-' 7 = (T^abPa^b, where Y a are 7- 
dimensional real antisymmetric gamma matrices. One of the convenient representations 
for the latter is 

^ ~ ( 1" ° r ) ■ ^ " ( » '0 . i* - ( » J ) , («) 

One can also relate the matrix elements in (|45p to the structure constants of octonion 
algebra [T7] — that is why the name OKT (octonionic Kahler with torsion) was choosen. 

The simplest example of a nontrivial OKT manifold is a conformally flat 8-dimensional 
manifold where the conformal factor f(x M ) represents a harmonic function, i.e. f(x M ) = 

1 + C|x M |- 7 . 

The OKT models represent a particular case of Dolbeault models with extra holomor- 
phic torsions (see [23] for a detailed discussion). Thus, they can be obtained, as discussed 
above, from the flat models of the corresponding dimension by a similarity transformation 
of the supercharge Q in (jSJ). It remains to be seen whether one can conveniently define 
in this case three other complex supercharges obtained from the flat ones by the same 
similarity transformation. 

8 The formal definition is the following [21]. The manifold is called HKT if it admits three complex 
structures satisfying (|38j) which are covariantly constant with respect to one and the same afhne connec- 
tion. Generically (and, in particular, for conformally flat 4-dimensional manifolds), this connection (the 
Bismut connection) involves torsions. In some special cases, the torsions vanish, the Bismut connection 
boils down to the usual Levy-Civita connection and the HKT (i.e. hyper- Kahler with torsion ) manifolds 
boil down hyper-Kahler manifolds. 

9 In contrast to HKT, the matrices (T^5|) cannot, of course, satisfy non-associative octonion algebra. 
Moreover, one cannot choose among the matrices (|45[) three matrices satisfying the quaternionic algebra 
(|38p . This means that an OKT manifold need not to be an HKT manifold. Note also that one can deform 
the flat model with breaking N = 8 supersymmetry but keeping the N = 4 supersymmetry associated 
with the unity matrix and, say, the matrices T 1,2,3 . One obtains in this way a class of Af — 4 models, so 
called Clifford models that are not HKT [H| [23J [24] . 
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3.4 Reduced models. 



Consider an HKT model on a 4-dimensional conformally flat manifold with the super- 
charges OH]). Suppose that the conformal factor f(x M ) does not depend on one of the 
variables, say, x 4 . It is then straightforward to observe that the operator p 4 commutes 
with the supercharges and the Hamiltonian and can thus be used to perform Hamiltonian 
reduction. As a result, we obtain a M = 4 supersymmetric QM model describing dy- 
namics on a conformally flat 3-dimensional manifold. This model was first constructed 
in [26] and described in superfield language in [27j [28] . Taking a 4m dimensional HKT 
with the metric not depending on m variables, one obtains a generalised 3m - dimensional 
model considered in [2T] . 

One can, of course, consider many other HKT models (or, in the language of [25] . 
the models with several root [29] (4, 4, 0) multiplets) living on manifolds with various 
isometries. Factorizing over these isometries gives a multitude of models. As one of the 
examples, one can take a flat H — 4 model endowed with a self-dual instanton field 0, 

A = J fz L r 46 

ar + p z 

The supercharges of this model were presented in Ref. [22] in the form 

Q a = M) a (p» - A) > Q a = (H) a (p» ~ A) ( 47 ) 

with the following conventions (an Euclidean counterpart of the Wess and Bagger nota- 
tions [30]): 

(it) The fermion variables ipa and ip a = (ipa) ({^ S ^ p} — df) carry only the dotted 
indices (in constrast to the supercharges (I4T1) having undotted indices; in Euclidean space, 
the SU(2) groups acting on the dotted and undotted spinors are completely unrelated). 

(in) The indices are raised and lowered with = — e a/3 . 

One can observe now that the supercharges (1471) and hence the Hamiltonian commute 
with the SU (2) generators, 

L a = 2t a - i V ; u (x^ + ^J<^) • ( 48 ) 

Performing the Hamiltonian reduction with respect to L a gives us a (1, 4, 3) model with 
only one dynamic bosonic degree of freedom. At the distances much larger than the 
instanton size p , the Hamiltonian thus obtained should go over to the conformal matrix 



10 A (3, 4, 1) - model in the notation of [25] . where the first numeral stands for the number of bosonic 
dynamic degrees of freedom, the second - the number of fermionic d.o.f. and the third - the number of 
auxiliary fields in superfield description. 

11 It was mentioned above that a non-Abelian gauge field can be brought about by a matrix- valued 
similarity transformation. The transformations of this kind that give a self-dual gauge field respect the 
M = 4 supersymmetry of the flat model 22 . 
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Hamiltonian derived in |31j . 



In that paper, also a 2-center model not enjoying the rotational symmetry was worked out. 
Probably, it can also be obtained from a certain known model by applying two operations 
(similarity transformation and Hamiltonian reduction). It would be interesting to see 
whether it is the case and, if yes, in a what particular way. The same concerns many 
particular SQM models with M = 4 and M = 2 supersymmetries constructed in recent 
|32j . They were constructed using "semi-dynamic" spin variables technique [33]. The 
mathematical structure of these models, their raison d'etre is, however, not clear by now. 
It would be interesting to find out by what particular operations from what particular 
known models are they obtained. 

The OKT models with one or several root (8, 8, 0) - multiplets also generate many 
different models after Hamiltonian reduction. One of them is the beautiful M = 8 (5, 8, 
3) - model with the metric ds 2 = (1 + C/r 3 )(dx M ) 2 [Ml ESI [36] 

There are many others. 



4 Gauge models 

It is known since Dirac that gauge theories can be interpreted as Hamiltonian systems 
involving first class constraints, the operators G a commuting with the Hamiltonian. One 
then performs a Hamiltonian reduction with respect to G a such that the Hilbert space of 
the large system is reduced to the small physical Hilbert space including only the wave 
functions annihilated under the action of G a . This is rather similar to the ideology of the 
present paper, but there is also an important dictinction. 

Consider a supersymmetric field theory and assume that nothing depends on spatial 
coordinates (such dimensional reduction is, of course, a variety of Hamiltonian reduction). 
We obtain a certain quantum mechanical system. To give a nontrivial enough but not 
too complicated example, consider the dimensionally reduced (2+l)-dimensional super- 
symmetric Yang-Mills model with £77(2) gauge group. The supercharges of the model 
are 

Q = W_i) a + iB a ^ a , Q = n^ a - iB a i) a , (50) 

where n± = Uf ± ill?; are holomorphic combinations of canonical momenta, ip a and ip a 
are canonically conjugated fermion variables, and 

B a = e ahc e jk A)A c k = - % -e abc A b _A% (51) 

12 It enjoys 0(5) = Sp(4) symmetry and has many common features with the (3, 4, 1) model of Ref.[26 
which is 3-dimensional and knows about 0(3) = Sp(2). That is why we called this type of sigma models 
symplectic. 
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is the non-Abelian magnetic field strength. The coupling constant dependence is sup- 
pressed by choosing proper units. 

The Hamiltonian H = {Q,Q} has the form 



H 



-i -abc 

' -a Aa\2 \a \a \b /ifel i [„l.a„i.b ac i „/,a„/,fc ac 



(H«) 2 + -\{A«A«Y - A«AIA)A\\ + 



\^ a ^ b A\ + i) a i\) b A c _ 



(52) 



Note, however, that the supercharges written in fl50l) are not nilpotent. One easily derives 
Q 2 = A a _G a , where 



G a 



^abci 



(A h AT 3 - # b ^ c ) 



bj,c\ 



(53) 



are Gauss law constraints - generators of gauge transformations. If we want to keep 
supersymmetry, one should perform the Hamiltonian reduction and impose the constraint 
G a ty = 0. 

One can now resolve the constraints, i.e. get rid of three variables on which nothing 
depends (gauge degrees of freedom) and to write the Hamiltonian in reduced phase space. 
For field theories, this is practically impossible, but, for quantum mechanical systems, it 
is quite feasible. It is convenient to use the polar representation for the vector potential 
]. In the (2+l)-dimensional case, it boils down to 



A a 



(54) 



where Ujk{o) is an 0(2) matrix describing spatial rotations, Vf, a (0 a ) is an 0(3) gauge 
rotation matrix and A fc b is a quasidiagonal matrix, 



a 
6 



(55) 



Choosing the gauge Vb a = 5b a , we are left with just three gauge invariant bosonic variables: 
a, b, a. In addition, reduced phase space inherits all three complex fermion variables 
if) a ,if) a . The explicit expressions for the reduced supercharges and Hamiltonian are rather 
complicated [38] • We will present here only the supercharges. 



Q c 



e- ia 9o 



tp 1 [Pa-i 



ap a + bJ 3 
a 2 -b 2 



-iPb + 



'J 2 i J 1 

-V[— + -r- 

a b 



ipb + 



bp a + a J 3 
a?-b 2 



iab -n 
+ — ^ 

bp a + a J 3 
a 2 — b 2 



iab ,q 
— ip 6 

9o 



(56) 



where J a = ie abc ip b 'ip c . 

This is a kind of sigma model, the metric in the space {a, b, a} induced by the flat 
metric in the space {A®} being nontrivial. The configuration space involves a complex 
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fermion variable for each bosonic variable, i.e. the number of degrees of freedom is the 
same as for the de Rham complex. But it is not a de Rham system: for the latter the 
fermion charge is conserved, while the supercharge Q in ( )56|) involves the terms oc if) on 
top of the terms oc if). 

If our conjecture is true, the supercharges can be obtained by a similarity trans- 
formation and Hamiltonian reduction from a free system. However, in this case, a pure 
similarity transformation of the system f )20|) of real dimension 3 would probably be not 
sufficient. Indeed, the only imaginable to us way to obtain the term oc if) 2, out of a "flat" 
supercharge like + Pb^ + Palp is applying an antiholomorphic transformation 

( 1291) . But such a transformation can generate only the terms ~ ip that multiply canonical 
momenta and in addition the unwanted terms oc ipipip. 

Thus, to derive (|56|) . one should start from a free system of larger dimension. Indeed, 
as was discussed above, the system (|56|) can be obtained by a Hamiltonian reduction of 
a more simply looking system (1501) . (1521) with extended phase space. But, in constrast to 
the examples with Hamiltonian reduction discussed in the previous section, such extended 
system is not supersymmetric — this is the distinction that we were talking about. The 
absence of supersymmetry in the large system can be traced back to the fact that, when 
writing (150]) . fl52l) . we have already partially fixed the gauge (Wess-Zumino gauge) and 
got rid of some number of components in the spinor superfield r a describing 3D SYM 
theory. Supersymmetry is broken by such partial gauge fixing and is restored when the 
gauge is fixed completely. The question is thus reduced to the question whether this large 
SQM system involving all components of T a can be obtained by our recipe. We hope to 
adress it in later studies. 

The same set of question can be asked to a system obtained by the dimensional 
reduction of (3+1) - dimensional, (5+l)-dimensional, or (9+l)-dimensional SYM theory 
with or without extra matter multiplets. For example, pure (3+1) SYM theory involves 
3-3 — 3 = 6 gauge invariant variables. The explicit expressions for its reduced supercharges 
and Hamiltonian are given in Ref.|13j. 

5 Field theories. 

A natural question to ask is whether our conjecture formulated for SQM systems works 
also for field theories. 

The fast answer that it should, because quantum field theory is nothing but a SQM 
system with an infinite number of degrees of freedom. The devil is, as usual, in the details. 

Consider the simplest example - the 4D Wess-Zumino model. To make the things still 
simpler, let it be free massless WZ model with the Lagrangian 



where ip a , if) a are complex conjugate Minkowskian Weyl spinors and ((7fj) a a = (1,(7 j) 




(57) 
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O The corresponding Hamiltonian 

# = J rfx [nil + 6^-0 - i^ffjd^ (58) 
is supersymmetric. There is the Weyl doublet of supercharges, 
Q a = a/2 y<ix [II^q, + dj(f) {a^aAfS^tj}^ , 

Qa = V2 J dx [ffy d + (9 i 0)^^ 7 (a i ) 7 a] (59) 
They satisfy the algebra 

{Qa,Qa} = 2(<7 At ) ad P M = 2[<W?+(^)ad^] , (60) 

where P is the 3-momentum operator. 

Put the system in a finite box of size L, which we set to 1, and expand 0(x),-?/>(x) in 
the Fourier series, 

0(x) = ^0 n e 27rinx , ^(x) = J^^ 62 ^ 

n n 

0(x) = ^0 n e- 2 ™ x , ^(x) = ]>> ne - 2 ™ x (61) 



n 



The Hamiltonian (1581) is expressed via the modes as follows, 

H = C 11 " 11 " + ( 2?rn ) 2 " Hi^i] (62) 

n 

(Il n = n ) and the supercharges are 

n 

Q a = V^J^ [fln^on + 27Tl% ^(o-jO/fla^n] (63) 
n 

(The finite box breaks Lorentz invariance and there is no point to distinguish the usual 
and dotted indices anymore). 

This is an SQM model with an infinite number of degrees of freedom, indeed. One 
can observe, however, that from the SQM viewpoint, 

• it is not a basic system (13"Tj) as, besides the terms oc Hip, the supercharges involve 
extra terms. 



13 Our conventions are almost the same as in Ref. 30 ], but the metric is chosen with the opposite sign, 
■q^ = diag(l, -1, -1, -1). 
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• the supercharges (1631) satisfy not the standard Af = 4 superalgebra, but the algebra 
(|60|) involving the 3-momentum playing the role of a central charge. 

Furthermore, the supercharges (1631) do not seem to be related to the basic supercharges 
J^n^nipan, J2 n ^-n^an by a similarity transformation. 

It is still possible to write down a similarity transformation of the de Rham free (in 
the SQM sense) supercharge Q = Pa^Pa such that the anticommutator of the transformed 
supercharge Q and its conjugate would give ( l62l) . 

Consider one particular term H n in the sum ( 1621) . Let first n^O. One can observe that 
the matrix rijOj has two eigenvalues Ai,2 = ±Vn^- If denoting by x„ 2 the corresponding 
normalized eigenvectors, one can represent 

njipnO-j^n = ^(xixl-xlxl) (64) 

Then one can define 

Qn = xi (P* + 2^/^) + xl (Pi - ZmflVtf) (65) 

(P^' 2 /-\/2 and f^' 2 /\/2 being the real and imaginary parts of II n and n ). The operator 
(|65|) is nilpotent and 

{Qn,<2n} = 2P n . (66) 

This holds also in the case of degenerate eigenvalues, n = 0, if choosing for Xn 2 arbitrary 
orthonormal vectors. 

Obviously, the full supercharge 

Q = E 2 " ( 6T ) 

n 

is also nilpotent, and {Q, Q}/2 gives the Hamiltonian (l62l) . In fact, this model represents 
a multidimensional (with an infinity of degrees of freedom) generalization of the model 
((H) , (j2J) with the superpotential 

W = Y J ^m?-Ul) 2 ] (68) 

n 

Hence, the supercharge (|67|) can be related to the "free" supercharge 

2 (0) = E + P nM) (69) 

n 

by the similarity transformation ([6]). 

Thus, we showed that, when expanded over the modes, the field theory ( 1571) can be 
obtained by a similarity transformation from the "free" supercharge fl69l) . as it should 
according to our conjecture. 

The problem, however, is that this transformation and both the supercharges (l69l) and 
f l65l) are highly nonlocal. None of them does have therefore a lot of physical sense. 
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It might be more reasonable to treat the Lorentz-invariant model (157)) as the free one 
and ask whether the supercharges of the interacting WZ model could be obtained from 
the free supercharges ( 159)) by a similarity transformation. Unfortunately, the answer to 
this question seems to be negative. 

Indeed, the interacting WZ supercharges are obtained from the free supercharges (I59p 
by adding the following extra terms, 



where W(0) is the WZ superpotential (having nothing to do with fl68|) ). And we do not 
see how to obtain Q 1 ^ out of Q% cc by a similarity transformation. The problem is the 
same as with the supercharge Q cov in Eq. (loT)!) . The only known to us way to generate 
the term oc ip in the supercharge Q is to apply an antiholomorphic transformation, like 
in (129)) . But such a transformation would produce the terms where ip is multiplied by II 
or else the terms oc ipipip... 

6 Discussion and outlook. 

Our main point is the 

Conjecture. Any SQM model can be related to a free complex model (TJJ) by a combi- 
nation of two operations: (i) similarity transformation of properly chosen complex super- 
charges and (ii) Hamiltonian reduction. 

We have not proven it, but checked in many nontrivial examples. In particular, we 
discussed nontrivial sigma models with extended supersymmetries and showed that, for 
the Kahler de Rham sigma models, hyper-Kahler de Rham sigma models, and HKT 
models, all complex supercharges are derived from the free supercharges by the same 
similarity transformation. 

On the other hand, we have not seen yet that this conjecture also works for gauge 
SQM models. We noted that this question can be clarified if analyzing the supercharges 
and the Hamiltonian of gauge models before gauge is fixed such that supersymmetry is 
realized linearly. 

In Sect. 5, we discussed field theories and found out that, though our recipe seems to 
work (it works in the simplest case that we analyzed), the similarity transformation turns 
out to be highly nonlocal and therefore useless. 

The last remark is the following. Philosophically, similarity transformations considered 
in this paper remind the Nicolai map [39]. In both cases, an interacting model is related 
to a free one. However, the ways they are related are rather different. The Nicolai map 
is a nonlocal transformation of bosonic variables that renders the functional integral for 
the index Gaussian allowing one to do it. For the simplest nontrivial SQM model (T5]), it 
amounts to the change 




(70) 



x ± W'(x) -)• y 



(71) 
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It is not similar to the local transformation of the supercharges studied in this paper, 
though more meditations in this direction are definitely welcome. 

I am indebted to S. Fedoruk and E. Ivanov for many illuminating discussions. 

Appendix: Kahler and hyper-Kahler superalgebras. 

We will prove here some well-known to mathematicians facts [21] in the SQM language 
understandable to physicists. 

We will be interested in extra supersymmetries of the de Rham ({1,2,1}) sigma 
models that come into existence when the manifold is Kahler. We are using the method 
that was used earlier to study extra supersymmetries for the Dolbeault ({2, 2, 0})) models 
for hyper-Kahler [18] and HKT [19] manifolds. 

We start with reminding 

One of the possible definitions. The complex manifold is called Kahler if its 
complex structure tensor, 

Imn = —Inmi ^M^p 1 = $M (72) 

is covariantly constant, 

'DpImn = dp Imn — T pm Isn — F pn Ims = . (73) 

Similarly: The manifold is called hyper-Kahler if it admits three different covariantly 
constant complex structures I a satisfying the quaternionic algebra fl38|) . 

We will prove now two theorems. 

Theorem 1. If the manifold is Kahler, the supercharges ( dJ| ), and their conjugates 
satisfy the M = 4 superalgebra with the only nonvanishing anticommutators 

{Q,Q} = {S 1 S}. (74) 

Proof, (i) Nilpotency of Q, S and the property {Q, S} = follow from the proven above 
fact that Q and S are obtained by the same similarity transformation of the correponding 
flat supercharges and the validity of the M = 4 superalgebra for the latter. 
(ii) To deal with the commutators like {Q, S}, introduce the operators 

F + = i W M ^, F_ = \l M N^ M ^ N ■ (75) 

Their commutator gives the fermion charge operator, F = ipuw ' ■ The operators 
{F_,F ,F+} form an SU(2) triplet. 

(Hi) Consider now the commutator [Q,F+]. Capitalizing on the scalar nature of F+, 
one can upgrade the ordinary derivatives in the combination Dm + ^m^b^a^b to the 

14 For the manifold to be genuinely complex and not just almost complex, the tensor Imn should satisfy 
besides (|72|) also a certain integrability condition. But if the tensor / is covariantly constant, this condition 
is satisfied automatically. 
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covariant ones, Dm —> I'm- The supercharge ( 122!) acquires then the form —iip M 'VM, 
where Vm is the full covariant derivative involving also the fermion (spinor) part. 
Then one notes that 

Vm^ W = (p M e%)$ A -n M ,B A e%$ A = 

and uses the condition (1731) that the manifold is Kahler to derive 

[Q,F+]= i^ Q I Q M V M = -S , [Q,F-] = -S, 

[S,F + ] = Q, [S,F_]=Q (76) 

(the commutators [Q,FJ\ and [Q,F + ] vanish). The vanishing of {Q,S} = {Q, [F + ,Q]} 
follows from nilpotency of Q and the Jacobi identity. 

(iv) The anticommutator {S, S} = {S, [F + ,Q]} is reduced to the anticommutator 
{[S, F+], Q} = {Q, Q} by the Jacobi identity. □ 

Theorem 2. If the manifold is hyper-Kahler, the supercharges [2^1 , fi4D\ ) and their con- 
jugates satisfy the M = 8 superalgebra with the only nonvanishing anticommutators 

{Q,Q} = {S\S 1 }= {S 2 ,S 2 }= {S 3 ,S 3 }. (77) 

Proof, (i) Bearing in mind the results of the previous theorem, we have only to prove 
that {S a , S b } = and {S a , S b } = when a ^ b. The first equality follows from the fact 
that all S a are obtained from the flat holomorphic supercharges in f l37|) by one and the 
same similarity transformation. 

(it) To calculate {S a , S b }, introduce the operators 

K = \lli^ M ¥ , F« = \l a MN ^ N . (78) 
The same reasoning as above and the quaternionic algebra ( l38l) allow one to derive 

[S a , F*] = 5 ab Q - e abc S c , [S a , F b _] = 5 ab Q - e abc S c (79) 

and [S a ,F b _] = [£ a ,i^] = 0. Then e.g. {S\ S 2 } = {S 1 , [S\F^\}, which vanishes due to 
nilpotency of S\ and the Jacobi identity. □ 
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